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SUBGROUPS OF MAPPING CLASS GROUPS RELATED
TO HEEGAARD SPLITTINGS AND BRIDGE
DECOMPOSITIONS
KEN’ICHI OHSHIKA AND MAKOTO SAKUMA
Abstract. Let M = H1 ∪S H2 be a Heegaard splitting of a closed
orientable 3-manifold M (or a bridge decomposition of a link exterior).
Consider the subgroup MCG0(Hj) of the mapping class group of Hj
consisting of mapping classes represented by auto-homeomorphisms of
Hj homotopic to the identity, and let Gj be the subgroup of the au-
tomorphism group of the curve complex CC(S) obtained as the image
of MCG0(Hj). Then the group G = 〈G1, G2〉 generated by G1 and G2
preserve the homotopy class in M of simple loops on S. In this paper,
we study the structure of the group G and the problem to what extent
the converse to this observation holds.
Let M be a closed orientable 3-manifold and S a Heegaard surface of
M . Then M is decomposed into two handlebodies H1 and H2 such that
S = ∂H1 = ∂H2. We consider the (extended) mapping class group of S,
i.e., the group of isotopy classes of (possibly orientation-reversing) auto-
homeomorphisms of S, and denote it by MCG(S). Let MCG(Hj) denote
the mapping class group of Hj (j = 1, 2). Then MCG(Hj) can be identified
with a subgroup of MCG(S), by restricting an auto-homeomorphism of Hj
to S. We consider the subgroup of MCG(Hj) consisting of mapping classes
represented by auto-homeomorphisms of Hj homotopic to the identity, and
denote it by MCG0(Hj).
Now, let CC(S) be the curve complex of S, namely the simplicial complex
each of whose vertex represents an isotopy class of essential simple closed
curves in S and each of whose simplex represents a set of isotopy classes with
pairwise disjoint representatives. Then it is known that the natural action
of MCG(S) on CC(S) induces a surjection from MCG(S) onto the simplicial
automorphism group Aut(CC(S)) whose kernel is trivial or the cyclic group
of order 2 generated by hyper-elliptic involution depending on whether the
genus of S is greater than or equal to 2 (see [9, Section 8], [13] and [20]). In
this way, MCG(S) (or its quotient by the order 2 cyclic group) is canonically
identified with Aut(CC(S)).
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Let Gj be the image of the subgroup MCG
0(Hj) of MCG(S) in
Aut(CC(S)), and let G = 〈G1, G2〉 be the subgroup of Aut(CC(S)) gen-
erated by G1 and G2. Then G preserves the homotopy classes in M of the
simple closed curves on S, namely, for any g ∈ G and for any vertex α of
CC(S), gα is homotopic to α in M . (We ignore the distinction between a
vertex of CC(S) and a simple closed curve in S representing the vertex.)
Let ∆j be the subset of the vertex set of CC(S) consisting of the meridians
ofHj, namely the set of vertices in CC(S) represented by simple closed curves
which bound discs in Hj. Let Z be the set of vertices in CC(S) represented
by simple closed curves which are null-homotopic in M . Then, by the above
observation, the orbit G(∆1 ∪∆2) is contained in Z. The following natural
question was posed by Minsky in [7, Question 5.4].
Question 0.1. When is Z equal to the orbit G(∆1 ∪∆2)?
The same question makes sense not only for Heegaard surfaces but also
for bridge spheres as follows. Let K be a knot or a link in S3, and let S be
a bridge sphere of K. Then (S3,K) is a union of two trivial tangles (B31 , t1)
and (B32 , t2) such that (S, S∩K) = ∂(B
3
1 , t1) = ∂(B
3
2 , t2). Here a trivial tan-
gle means a pair of a 3-ball B3 and mutually disjoint arcs properly embedded
in B3 which are simultaneously parallel to mutually disjoint arcs in ∂B3. We
denote the punctured sphere S−K by the same symbol S, and consider the
(extended) mapping class group MCG(S) of the punctured sphere S. Then
the mapping class group MCG(B3j , tj) of the pair (B
3
j , tj) can be identi-
fied with a subgroup of MCG(S), by restricting an auto-homeomorphism of
(B3j , tj) to S. Consider the subgroup of MCG(B
3
j , tj) consisting of mapping
classes represented by homeomorphisms pairwise-homotopic to the identity,
and denote it by MCG0(B3j , tj). Let Gj be the image of the subgroup
MCG0(B3j , tj). of MCG(S) in Aut(CC(S)), and let G = 〈G1, G2〉 be the
subgroup of Aut(CC(S)) generated by G1 and G2. Let ∆j be the set of
vertices in CC(S) represented by simple closed curves which bound discs in
B3j−tj, and let Z be the set of vertices in CC(S) represented by simple closed
curves which are null-homotopic in the link complementM := S3−K. Then
we can see that the orbit G(∆1 ∪ ∆2) is contained in Z. This observation
was a starting point of [33], which gave rise to a systematic construction
of epimorphisms between 2-bridge link groups. Again, it is natural to ask
when Z is equal to G(∆1 ∪∆2) (cf. [33, Question 9.1]).
In the second author’s joint work with Donghi Lee [17], a complete answer
to the above question for 2-bridge links was given. Moreover, the following
results were obtained in a series of joint work [16, 17, 18], and they were
applied in [19] to give a variation of McShane’s identity for 2-bridge links.
Theorem 1. Let K be a 2-bridge link in S3 which is neither the trivial
knot nor the 2-component trivial link, and let S be a 2-bridge sphere of K.
Let G = 〈G1, G2〉, ∆j, and Z be as explained above, and let Λ(G) and
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Ω(G) = PML(S) − Λ(G), respectively, be the limit set and the domain of
discontinuity of the action G on PML(S). Then the following hold.
(1) The set Z is equal to the orbit G(∆1 ∪∆2).
(2) The closure of Z = G(∆1 ∪∆2) in PML(S) is equal to the limit set
Λ(G). Moreover Z¯ = Λ(G) has measure 0 in PML(S).
(3) The domain of discontinuity Ω(G) has full measure in PML(S), and
no essential simple closed curve in S representing a point in Ω(G) is
null-homotopic in M = S3 −K.
(4) Suppose that K is neither a torus link nor a twist knot. Then no
essential simple closed curve in S representing a point in Ω(G) is
peripheral in M , i.e., no such simple closed curve is homotopic to a
closed curve in a peripheral torus ∂N(K) in M .
(5) Suppose that K is neither a torus link nor the Whitehead link. Then,
for any two essential simple closed curves in S representing distinct
points in Ω(G), they are homotopic in M if and only if they lie in the
same G-orbit.
(6) The group G is isomorphic to the free product G1 ∗G2.
It is natural to ask if the above theorem holds in a more general setting
(see [35]). The purpose of this paper is to give the following partial answers
to this natural question.
(1) If S is a Heegaard surface or a bridge sphere with sufficiently high
Hempel distance, then the subgroup G = 〈G1, G2〉 of Aut(CC(S)) is
isomorphic to the free product G1 ∗G2 (Theorem 2).
(2) If S is a Heegaard surface, with R-bounded combinatorics for some
R > 0, of a closed orientable hyperbolic 3-manifold M and if the
Hempel distance of S is larger than a constant K0, depending only
on the topological type of S and the constant R, then there is a
non-empty open set O in the projective measured lamination space
PML(S), such that
(a) no simple closed curve in S representing a point in O is null-
homotopic in M ,
(b) two simple closed curves in S representing distinct points in O
cannot be homotopic in M .
In particular, the action of G on PML(S) has a non-empty domain
of discontinuity (Theorems 3 and 4).
(3) Suppose that Mn is obtained from two handlebodies by an n-time
iteration of a generic pseudo-Anosov map φ and consider the Hee-
gaard splitting of Mn consisting of the two handlebodies. Then the
subset O in Theorem 3 for the Heegaard surface of Mn can be made
almost cover the entire projective lamination space so that the al-
most every point in the projective lamination space is contained in
the open subset O for Mn with sufficiently large n (Theorem 5).
We note that the result of Namazi [26] implies that if the Hempel distance
of a Heegaard splitting M = H1 ∪H2 is sufficiently large, then G1 ∩ G2 is
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finite. More generally, the result of Johnson [10] implies that G1 ∩ G2 is
finite if the Hempel distance is greater than 3. Thus Theorem 2 may be
regarded as a partial refinement of these consequences of the results of [26]
and [10]. We also note that Theorems 3 and 5 may be regarded as a variant
of the asymptotical faithfulness of the homomorphism π1(Hi) → π1(M)
established by Namazi [25, Theorem 1.6] and Namazi and Souto [28, Lemma
6.1 and Theorem 6.1].
The authors would like to thank Brian Bowditch for his essential con-
tribution to the proof of Theorem 2, without which they should not have
been able to complete the work. They would also like to thank Jeff Brock
and Yair Minsky for stimulating conversation, valuable comments on the
first version of this paper, and allowing them to read a draft of their joint
work [3] with Hossein Namazi and Juan Souto on model manifolds, on which
Theorems 3 and 4 depend.
1. Structure of the group 〈G1, G2〉
In this section, we shall prove the following theorem.
Theorem 2 (Bowditch-Ohshika-Sakuma). There is a constant K0 depend-
ing only on the topological type of S with the following property. For a
Heegaard splitting or a bridge decomposition M = H1∪SH2 with its Hempel
distance greater than K0, the group 〈G1, G2〉 is decomposed into a free prod-
uct G1 ∗ G2, where G1 and G2 are subgroups of Aut(CC(S)) defined in the
introduction.
We recall the terminology in Gromov’s theory of hyperbolic metric spaces.
Let X be a geodesic space, i.e. a metric space in which every pair of points
can be connected by a geodesic segment. Let △ = PQ ∪ QR ∪ RP be a
geodesic triangle with its vertices P,Q and R in X. We consider a map,
τ△, from △ to a “tripod” T△ which is an edge-wise isometry. We call
this map the comparison map to T△. The map τ△ has a property that
two points a ∈ PQ and b ∈ QR are identified under τ△ if and only if
d(Q, a) = d(Q, b) ≤ (P |R)Q, where the last term is the Gromov product
defined by (P |R)Q =
1
2 (d(P,Q) + d(R,Q)− d(P,R)). The same holds even
if we permute P,Q and R. Now, the triangle △ is said to be δ-thin when for
each pair of points a, b ∈ △ with τ△(a) = τ△(b), we have dX(a, b) ≤ δ. A
geodesic space X is said to be δ-hyperbolic if every triangle in X is δ-thin.
In the following argument, we shall use the Gromov hyperbolicity of the
curve complex CC(S) and the quasi-convexity of ∆1 and ∆2, where ∆1 and
∆2 are the subcomplexes of CC(S) spanned by the simple closed curves
bounding disks in H1 and H2, respectively. (See Masur-Minsky [21] and
[23].) Let δ be a positive constant such that CC(S) is δ-hyperbolic. Let L be
a constant depending only on the topological type of S such that both ∆1
and ∆2 are L-quasi-convex: any geodesic segment connecting two points in
∆1 (resp. ∆2) lies in the L-neighbourhood of ∆1 (resp. ∆2).
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Now, we start to prove that 〈G1, G2〉 is decomposed as G1 ∗ G2. Take a
shortest geodesic segment γ connecting ∆1 and ∆2 in CC(S), and denotes its
endpoint in ∆1 by xγ and the one in ∆2 by zγ . Consider a word g1h1 . . . gphp,
where gj ∈ G1, hj ∈ G2 and suppose that none of them is the identity. We
show that the element of Aut(CC(S)) determined by the word g1h1 . . . gphp is
nontrivial. In general, we need to consider the case where g1 = 1 or hp = 1,
but the argument needs no modification even in these cases.
Consider the translates g1γ of γ. Then the endpoint xγ of γ and the
endpoint g1xγ of g1γ are both contained in ∆1 = g1∆1. We connect xγ and
g1xγ by a geodesic segment δ1, which lies in the L-neighbourhood of ∆1.
Next we consider the translate g1h1γ, and connect the endpoint g1zγ of g1γ
with the endpoint g1h1zγ of g1h1γ by a geodesic segment δ
′
1, which lies in the
L-neighbourhood of g1∆2 = g1h1∆2. Repeating this process, we construct
a piecewise geodesic arc α = γ ∪ δ1 ∪ g1γ ∪ δ
′
1 ∪ g1h1γ ∪ δ2 ∪ g1h1g2γ ∪ δ
′
2 ∪
· · · ∪ δ′p ∪ g1h1 . . . gphpγ.
Let d be either δj or δ
′
j in α, and let c be its preceding geodesic segment,
that is, g1h1 . . . hj−1γ for δj or g1h1 . . . gjhjγ for δ
′
j . We connect the end-
points of c ∪ d by a geodesic segment, and denote it by e. Let △ be the
geodesic triangle c ∪ d ∪ e, and τ△ : △ → T△ the comparison map to a
tripod as explained above. Then the L-quasi-convexity of ∆1,∆2 implies
the following lemma.
Lemma 1.1. There is a constant L′ depending only on δ and L (hence only
on the topological type of S) such that the longest subsegment of d that is
identified with a subsegment of c under the map τ△ has length at most L
′.
Proof. Set x = c∩d, y = d∩e and z = c∩e. By translating the entire picture
so that c becomes γ, we have only to consider the case where either x, y lie in
∆1 and z lies in ∆2 or x, y lie in ∆2 and z lies in ∆1. We may assume that x
and y lie in ∆1, because we can argue in the same way also in the case where
they lie in ∆2. Let ℓ be the length of the longest subsegment of d which is
identified with a subsegment of c under τ△, and let p be its endpoints other
than x. Then d(x, p) = ℓ and there is a point q on c such that τ△(p) = τ△(q)
and hence d(p, q) ≤ δ by the δ-thinness of the triangle △ = c ∪ d ∪ e. Since
q lies in the shortest geodesic segment γ connecting ∆1 and ∆2, we have
d(q, x) = d(q,∆1). Hence ℓ = d(q, x) = d(q,∆1) ≤ d(q, p)+d(p,∆1) ≤ δ+L.
Thus, by setting L′ to be L+ δ, we are done. 
Next, let f be the geodesic segment in α following d, and h a geodesic
segment connecting e∩c and the endpoint of f other than d∩f . We consider
the geodesic triangle e∪ f ∪ h, which we denote by △′, and the comparison
map to its corresponding tripod τ△′ : △
′ → T△′ .
Lemma 1.2. There is a constant L′′ depending only on the topological type
of S such that the longest subsegment of e identified with a subsegment of f
under the comparison map τ△′ has length at most L
′′.
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To prove this lemma, we shall use the following consequence of Bowditch’s
theorem established in [2] on acylindricity of the mapping class group action
on the curve complex. The proof is deferred to the following section.
Proposition 1.3. For any E > 0, there exists L0 > 0 depending only on
E and the topological type of S for which the following holds. Suppose that
γ contains a subsegment γ′ with length at least L0 and g ∈ Gi such that
d(z, gz) ≤ E for every z ∈ γ′. Then g is the identity.
Proof of Lemma 1.2 assuming Proposition 1.3. As was done in the proof of
Lemma 1.1, we can assume that f is g1γ and that h connects the endpoint
of γ in ∆2 and that of f in g1∆2. Let f
′ denote the longest subsegment of
f starting from y = d ∩ f that is identified with a subsegment of e under
the comparison map τ△′ . We may assume length(f
′) = L+2δ+K for some
K > 0, for otherwise the assertion of the lemma obviously holds.
First suppose that length(d) > L + L′ + 2δ for L′ in Lemma 1.1. Let w
be a point on f ′ such that d(y,w) is slightly bigger than L + 2δ, which is
guaranteed to exist since length(f ′) = L + 2δ + K > L + 2δ. Then there
is a point w′ lying on e with τ△′(w) = τ△′(w
′) and hence d(w,w′) ≤ δ. By
Lemma 1.1, the longest subsegment of d starting from y that is identified
with a subsegment of e under τ△ has length greater than length(d) − L
′,
which in turn is greater than (L+L′+2δ)−L′ = L+2δ by assumption. Thus
we may assume, by choosing w so that L + 2δ < d(y,w) < length(d) − L′,
that there is a point w′′ on d with τ△(w
′) = τ△(w
′′), d(w′, w′′) ≤ δ, and
hence d(w,w′′) ≤ 2δ. By the L-quasi-convexity of ∆i, the distance from w
′′
to ∆i is at most L. Therefore, we can connect w by an arc of length at
most L + 2δ to ∆1, which we denote by ζ. The length of f \ f
′|[y,w] ∪ ζ is
less than length(f), where f ′|[y,w] denotes the subsegment of f
′ between y
and w. This contradicts the fact that f is the shortest geodesic segment
connecting g1∆2 to ∆1.
Next suppose that length(d) ≤ L + L′ + 2δ. Let f ′′ be the longest
subsegment of f identified with a subsegment of e under τ△′ and then
with that of c under τ△. Then length(f
′′) > length(f ′) − length(d) ≥
(L + 2δ + K) − (L + L′ + 2δ) ≥ K − L′. Let c′′ be the subsegment of
c identified with f ′′ as in the above, and let ϕ : c′′ → f ′′ be the isome-
try arising from the identification. Let x′′ be the endpoint of c′′ nearer to
x. Then d(x, x′′) ≤ L′ by Lemma 1.1, and hence d(g1(x), g1(x
′′)) ≤ L′.
Thus g1(x
′′) is contained in the component of f \ f ′′ containing y = g1(x).
Since the length of the component of f \ f ′′ is less than that of d, we have
d(g1(x
′′), ϕ(x′′)) < length(d) ≤ L+L′ + 2δ. Since both g1 and ϕ are isome-
tries into f , this implies that d(g1(ξ), ϕ(ξ)) < L+ L
′ + 2δ for every ξ ∈ c′′.
Hence we have d(ξ, g1(ξ)) ≤ d(ξ, ϕ(ξ))+d(ϕ(ξ), g1(ξ)) < 2δ+L+L
′+2δ for
every ξ ∈ c′′. Therefore, we see by Proposition 1.3 that there is a constant
L0 depending only on S which bounds length(c
′′) = length(f ′′) > K − L′
from above. Thus, K is bounded by a constant K ′ depending only on S.
By setting L′′ to be L+ 2δ +K ′, we are done. 
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Proposition 1.4. There are constants A,B depending only on L and δ such
that α is an (A,B)-quasi-geodesic if K0 is large enough.
Proof of Proposition 1.4. We shall first show that there are A,B as above
such that c ∪ d ∪ f is an (A,B)-quasi-geodesic. By Lemma 1.1, except for
geodesic segments starting from x of lengths at most L′, one on c and the
other on d, each point of c ∪ d is within the distance δ from e. In the same
way, we see that by Lemma 1.2, except for geodesic segments starting from
y of length L′′, one on e and the other on f , every point on e ∪ f is within
the distance δ from h. These imply that c ∪ d ∪ f is a (1, 2L′ + 2L′′ + 4δ)-
quasi-geodesic.
This holds for every three consecutive arcs constituting α that has a
translate of δ or δ′ in the middle. Now, in general in a δ-hyperbolic geodesic
space, for any (C,D) there are (A,B) and l such that an arc each of whose
subarc of length less than l is (C,D)-quasi-geodesic is always (A,B)-quasi-
geodesic itself, where A,B and l depend only on C,D and δ. (See [6, Chap.
3, The´ore`me 1.4] or [4, Chap. III, Theorem 1.13].) Therefore, by taking K0,
which bounds the length of γ from below, to be large enough, we see that
there are A,B depending only on δ and L such that α is an (A,B)-quasi-
geodesic. 
Let α′ be the subarc of α obtained by deleting the last geodesic segment
g1h1 . . . gphpγ from α. Proposition 1.4 implies that there is a constant C
depending only on A and B such that the endpoints of α′, which are xγ and
g1h1 . . . gphpxγ , cannot be the same if length(γ) ≥ C. Therefore, assuming
K0 to be greater than C, we see that the word g1h1 . . . gphp represents a
non-identity element. As is noticed at the beginning of the proof, the same
conclusion holds when g1 = 1 or hp = 1. Hence G = G1∗G2. This completes
the proof of Theorem 2.
2. Bowditch’s theorem and its consequence
In this section, we shall prove Proposition 1.3 by using the following
acylindricity of the mapping class group action on the curve complex proved
by Bowditch [2].
Theorem 2.1 (Bowditch [2]). For any given D > 0, there are R > 0 and a
positive integer N depending only on D and the topological type of S with the
following property. Let x, y be two points in CC(S) with d(x, y) ≥ R. Then
there are at most N elements g of MCG(S) such that both d(x, gx) ≤ D and
d(y, gy) ≤ D.
Before starting the proof of Corollary 1.3, we prepare the following lemma.
Lemma 2.2. There exists a constant A > 0 depending only on Q and δ for
which the following holds. Let Y be a Q-quasi-convex set in a δ-hyperbolic
geodesic space X and π : X → Y the nearest point retraction. Then for any
B > 0, there exists C > 0, depending only on Q, δ and B, such that for any
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points z, w ∈ X with d(z, w) ≤ B and d(z, Y ) ≥ C, d(w, Y ) ≥ C, we have
d(π(z), π(w)) ≤ A.
Proof. This is a consequence of the δ-thinness of triangles in X. We let A be
2Q+3δ+1, and for given B, we set C = B+Q+2δ+1. Let z, w be points
in X with d(z, w) ≤ B and d(z, Y ) ≥ C, d(w, Y ) ≥ C. For two points in X,
we shall denote a geodesic segment connecting them (which we choose) by
putting bar over them. We have only to show that length(π(z)π(w)) ≤ A.
Suppose not. Then there is a point p ∈ π(z)π(w) with d(p, π(z)) ≥
Q + δ + 1/2 and d(p, π(w)) ≥ Q + 2δ + 1/2. We consider two geodesic
triangles △w = zw ∪ wπ(w) ∪ zπ(w) and △z = zπ(z) ∪ π(z)π(w) ∪ zπ(w).
By the δ-thinness of △z, there is a point q on either zπ(z) or zπ(w) with
τ△z(q) = τ△z(p) and d(p, q) ≤ δ. Suppose that q lies on zπ(z). Then
d(q, π(z)) = d(q, Y ) ≤ d(q, p) + d(p, Y ) ≤ δ + Q. On the other hand, since
τ△z(q) = τ△z(p), we have d(q, π(z)) = d(p, π(z)) ≥ Q + δ + 1/2. This is a
contradiction. This contradicts the assumption Thus we see that q lies on
zπ(w).
Now we turn to consider the triangle △w. There is a point r on either
zw or wπ(w) such that τ∆w(q) = τ∆w(r) and hence d(q, r) ≤ δ by the δ-
thinness of △w. Suppose first that r lies on zw. Then d(r, w) ≤ d(z, w) ≤ B.
Therefore, we have d(w, Y ) ≤ d(w, r)+d(r, q)+d(q, p)+d(p, Y ) ≤ B+2δ+Q.
This contradicts the assumption that d(w, Y ) ≥ C = B +Q+ 2δ + 1.
Suppose next that r lies on wπ(w). Then d(r, π(w)) = d(r, Y ) ≤ d(r, q)+
d(q, p) + d(p, Y ) ≤ 2δ + Q. On the other hand, the equalities τ△w(r) =
τ△w(q), τ△z (q) = τ△z(p) imply d(r, π(w)) = d(q, π(w)) = d(p, π(w)) ≥ Q +
2δ+1/2. This is a contradiction. Thus we have proved that d(π(z), π(w)) ≤
A. 
Proof of Proposition 1.3. Recall that ∆i (i = 1, 2) is L-quasi-convex. This
implies that for r ≥ L, the r-neighbourhood, Nr(∆i), of ∆i is 2δ-quasi-
convex. (See [6, Chap 10, Proposition 1.2].) Let πr : CC(S) → Nr(∆i)
be a nearest point projection. Letting Q in Lemma 2.2 be 2δ, we get a
constant A > 0, which satisfies the following condition: For any B > 0,
there exists C > 0, such that for any points z, w ∈ CC(S) with d(z, w) ≤ B
and d(z,Nr(∆i)) ≥ C, d(w,Nr(∆i)) ≥ C, we have d(πr(z), πr(w)) ≤ A for
every r ≥ L.
Regarding this A as D in Theorem 2.1, we get a constant R and a positive
integer N , which satisfy the following condition: For two points x, y in CC(S)
with d(x, y) ≥ R, there are at most N elements g of MCG(S) such that both
d(x, gx) ≤ A and d(y, gy) ≤ A.
By setting B = (N + 1)E for a given E in our statement in Proposition
1.3 and recalling the choice of the constant A using Lemma 2.2, we obtain
a constant C which satisfies the following condition: For any points z, w ∈
CC(S) with d(z, w) ≤ B and d(z,Nr(∆i)) ≥ C, d(w,Nr(∆i)) ≥ C, we have
d(πr(z), πr(w)) ≤ A. Here r is any real number with r ≥ L.
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After this preparation, we now prove the conclusion of our proposition
holds if we let L0 be L + C + R. Suppose on the contrary that there is
a subsegment γ′ of γ of length L0 on which a non-trivial element g ∈ Gi
translates points within the distance E. Let ξ be the point on γ′ farthest
from ∆i. Then d(ξ,∆i) ≥ L0 = L + C + R. Thus, for each r with L ≤
r ≤ L + R, we have d(ξ,Nr(∆i)) ≥ C. On the other hand, for each j
with 1 ≤ j ≤ N + 1, we have d(ξ, gj(ξ)) ≤ jE ≤ (N + 1)E = B. Hence
d(πr(ξ), πr(g
j(ξ))) ≤ A for each r with L ≤ r ≤ L + R. Note that we may
choose πr so that πr(g
j(ξ)) = gj(πr(ξ)). Thus we have d(πr(ξ), g
j(πr(ξ))) ≤
A for each r with L ≤ r ≤ L+R and for each j with 1 ≤ j ≤ N+1. Since we
can assume that πr(ξ) lies on γ, this shows that there is a subsegment γ
′′ of
γ with length R on which all points are translated within the distance A by
any gj for j = 1, . . . N +1. Since any element in Gi has infinite order as was
shown in the proof of Proposition 1.7 in Otal [34], we see that g, . . . , gN+1
are all distinct. This contradicts Theorem 2.1. 
3. Non-trivial curves
In this section and the next, we only consider Heegaard splittings, for
our argument relies on the construction of model manifolds for Heegaard
splittings due to Namazi [25, 27] and its generalisation by Namazi-Souto
[28] and Brock-Minsky-Namazi-Souto [3]. We believe that we can obtain
the same result for bridge decompositions since their theory is valid in more
general settings including the case where the hyperbolic manifolds have torus
cusps as is suggested in [3].
Before stating the theorem, we shall review the definitions of subsurface
projections due to Masur-Minsky [22] and of bounded combinatorics intro-
duced by Namazi [25]. Let S be a closed surface and Y a connected open
incompressible subsurface of S, which is either an annulus or has negative
Euler characteristic. The curve complex CC(Y ) is defined in the same way
as CC(S) unless Y is either a once-punctured sphere or four-times punc-
tured sphere or an annulus. When Y is either a once-punctured torus or
a four-times punctured sphere, CC(Y ) is a one-dimensional simplicial com-
plex whose vertices are the isotopy classes of essential simple closed curves
and where two vertices are connected if their geometric intersection number
is the least possible: 1 when Y is a once-punctured torus and 2 when Y
is a four-times punctured sphere. When Y is an annulus, we consider its
compactification Y¯ , and CC(Y ) is defined to be a one-dimensional simplicial
complex whose vertices are the isotopy classes relative to the endpoints of
essential arcs and where two vertices are connected if they are realised to be
disjoint.
Let c be an essential simple closed curve on S, and isotope it so that
FrY ∩ c is transverse and there are no inessential intersection in Y ∩ c. If Y
has negative Euler characteristic, we consider, roughly speaking, all possible
essential simple closed curves obtained by connecting endpoints of F ∩ c
10 KEN’ICHI OHSHIKA AND MAKOTO SAKUMA
by arcs on Fr Y , and denote the set consisting of such simple closed curves
by πY (c) regarding it as a subset of CC(Y ). If there are no such simple
closed curves, we define πY (c) to be the empty set. When Y is an annulus,
πY (c) is defined to be the set of points in CC(Y ) determined by the lifts of
c to the covering of S associated to π1(Y ) and its natural compactification
as a hyperbolic surface. For a subset C of CC(S), we define πY (C) to be
∪c∈CπY (c). Also, we can define the projections of multi-curves and clean
markings in the same way. See [22, Section 2] for precise definition.
Definition 3.1. Let M = H1 ∪H2 be a Heegaard splitting along S and let
∆1 and ∆2 be the subsets of CC(S) consisting of the meridians of H1 and H2,
respectively. For a positive real number R, we say that the decomposition
has R-bounded combinatorics if there are handlebody pants decompositions
P1 ⊂ ∆1 and P2 ⊂ ∆2 of H1 and H2, such that the distance between P1
and P2 in CC(S) is equal to the distance between ∆1 and ∆2, and that the
distance in CC(Y ) between πY (P1) and πY (P2) is bounded by R for any
proper incompressible subsurface Y of S which is either an annulus or has
negative Euler characteristic.
Theorem 3. For any given positive constant R, there is a constant K0
depending only on R and the topological type of S with the following property.
If a closed hyperbolic 3-manifold M has a Heegaard splitting M = H1 ∪S
H2 with R-bounded combinatorics whose Hempel distance is greater than or
equal to K0, then there is a non-empty open set O in PML(S) such that
no simple closed curves in S representing a point in O is null-homotopic in
M . Furthermore, two simple closed curves in S representing distinct points
in O cannot be homotopic in M .
In the following argument, we fix a homeomorphism type of S once and
for all.
As is noted in the above, our proof of this theorem relies on the work of
Namazi [25, 27] and its generalisation by Brock-Minsky-Namazi-Souto [3]
on model manifolds of Heegaard splittings and more complicated glueing.
They showed that for a given positive constant R, if we take a sufficiently
large K0, then for any 3-manifold M which admits a Heegaard splitting
M = H1 ∪S H2 with R-bounded combinatorics and Hempel distance ≥ K0,
there is a bi-Lipschitz model manifold which is a pinched negatively curved
3-manifold homeomorphic to M with its pinching constants depending only
on K0 and the topological type of S, and is obtained by pasting hyperbolic
handlebodies as will be explained below.
The model manifold has a negatively curved metric obtained by glueing
hyperbolic metrics on H1 and H2 using a hyperbolic 3-manifold homeomor-
phic to S × R. We shall explain how to do this following the description
by Namazi [25]. We first choose handlebody pants decompositions P1 ⊂ ∆1
and P2 ⊂ ∆2 of H1 and H2 as in Definition 3.1, which realises the distance
between ∆1 and ∆2. By [25, Lemma 2.9], there are clean markings α1, α2
with base curves P1, P2 respectively such that πY (α1) and πY (α2) are within
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the distance R in CC(Y ) for any proper open incompressible subsurface Y
of S. We take points m1,m2 in the Teichmu¨ller space of S such that the
total length of αj with respect to the hyperbolic metric compatible with mj
is shortest among all clean markings. Let g1 and g2 be convex cocompact
hyperbolic metrics on IntH1 and IntH2 whose marked conformal structures
at infinity are m2 and m1 respectively, where we define the markings of
H1 and H2 by regarding them as being embedded in M with the common
boundary S. Then if we take K0 to be sufficiently large, there are a doubly
degenerate hyperbolic 3-manifold MS homeomorphic to S×R and open sets
U1 ⊂ IntH1, U2 ⊂ IntH2, V1, V2 ⊂MS with the following conditions.
(a) The hyperbolic 3-manifold MS has ǫ0-bounded geometry with ǫ0 de-
pending only on R; that is, every closed geodesic in MS has length
greater than or equal to ǫ0.
(b) All of U1, U2, V1, V2 are homeomorphic to S × (0, 1).
(c) There is a bi-Lipschitz diffeomorphism between the subspace Uj of the
hyperbolic manifold (IntHj, gj) and the subspace Vj of the hyperbolic
manifold MS for j = 1, 2 which tends to an isometry uniformly in the
C2-topology as K0 →∞.
(d) The intersection V1 ∩ V2 is also homeomorphic to S × (0, 1).
(e) We define the width of V1∩V2 to be the distance between its two frontier
components with respect to the metric ofMS . Then, the width of V1∩V2
goes to ∞ as K0 →∞.
These hold because of the following facts. Suppose that we are given
a sequence of Heegaard splittings as above with Hempel distance going to
∞. We use the superscript i to denote the i-th pants decompositions and
metrics, as P ij or m
i
j or g
i
j for j = 1, 2. If we fix a marking on H1, then
the convex cocompact hyperbolic structure (IntH1, g
i
1) converges to a geo-
metrically infinite hyperbolic structure g∞1 in IntH1 both algebraically and
geometrically, after passing to a subsequence. The convergence is guaran-
teed by the facts that the total length of P i2, with respect to the hyperbolic
metric mi2 on S corresponding to the conformal structure at infinity associ-
ated with gi1, is uniformly bounded and that {P
i
2} converges to a lamination
in the Masur domain of the projective lamination space passing to a subse-
quence. The hyperbolic 3-manifold (IntH1, g
∞
1 ) is asymptotically isometric
to a doubly degenerate hyperbolic 3-manifold MS whose ending laminations
are the limits of {P i1} and {P
i
2} respectively; that is, for any δ > 0, there
exists a compact set K such that IntH1 \K with the metric g
∞
1 is embed-
ded into a neighbourhood of the end of MS , with ending lamination equal
to the limit of {P i2}, by a diffeomorphism which is δ-close to an isometry
in the C2-topology. Combined with the convergence which we have just
explained, it follows that for any δ > 0, there exist a compact set K and
a sequence {Ri} going to ∞ such that for the Ri-neighbourhood NRi(K)
of K in IntH1 with respect to the metric g
i
1, its subset NRi(K) \K is em-
bedded into MS by a diffeomorphism δ-close to an isometry. In the same
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way, (IntH2, g
∞
2 ) is asymptotically isometric to MS , and the complement of
a compact set in (IntH2, g
∞
2 ) is embedded nearly isometrically to a neigh-
bourhood of the other end ofMS . These facts guarantee the existence of the
sets U1 ⊂ IntH1, U2 ⊂ IntH2, V1, V2 ⊂ MS which appeared above. (As for
more details on the proof of this convergence and the property of its limit,
refer to [32] and [29].) We also note that the bi-Lipschitz diffeomorphisms
in (c) are liftable as can be seen by checking the conditions in [24, Lemma
3.1].
Now the model manifold is constructed as follows. We paste (IntH1, g1)
and (IntH2, g2) to get a manifold homeomorphic to M , identifying U1 with
V1 and U2 with V2 by bi-Lipschitz diffeomorphisms close to isometries de-
fined above, letting V1 ∩ V2 be the margin of pasting and throwing away
neighbourhoods of ends outside U1 and U2. Construct a Riemannian metric
on the resulting manifold by glueing the hyperbolic metrics g1 and g2 along
the margin of glueing by using a bump function. Then, since both g1 and g2
get closer and closer to the hyperbolic metric of MS on a neighbourhood of
the margin of glueing, the sectional curvature of the resulting metric lies be-
tween (−1−ε,−1+ε), with ε→ 0 as K0 →∞. Tian’s theorem [37] (cf. [25,
Chapter 12]) implies that this metric is ρ-close (as Riemannian metric) to
the original hyperbolic metric of M in the C2-topology, where the constant
ρ depends only on K0 and goes to 0 as K0 →∞.
In the following, we show that if we take the lower boundK0 of the Hempel
distance to be large enough, then there is an open set O in PML(S) satis-
fying the conditions in Theorem 3. As was explained above, the hyperbolic
metric on M is uniformly close to the constructed negatively curved model
metric in the C2-topology. On the other hand, as was shown in the construc-
tion, the negatively curved metric on M is close to the hyperbolic metric on
MS in the part corresponding to V1∩V2 which appeared above. Recall that,
for any positive constant ǫ, there is an upper bound (depending only on ǫ
and the topological type of S) for the diameters modulo their ǫ-thin parts
of the pleated surfaces in MS intersecting V1 ∩ V2 (see [36, Chapter 9] and
[30, Lemma 1.2]). Since MS has ǫ0-bounded geometry with ǫ0 depending
only on R in our case, the injectivity radii on pleated surfaces are bounded
from below by ǫ0/2. Therefore, there is a constant K, depending only on
R and the topological type of S, such that a pleated surface in MS which
has a point in V1 ∩V2 at the distance at least K from the frontier of V1 ∩V2
must be entirely contained in V1 ∩ V2.
Now, recall that Thurston defined a notion of rational depth of measured
laminations (see [36, Definition 9.5.10]). A measured lamination is said to
have rational depth k when it is carried by a train track with a weight
system w which has k independent linear relations over Q in addition to
those coming from the switch conditions. Thurston proved the following
two facts: (1) The set of measured laminations of rational depth 0 has full
measure in ML(S). (2) For any two measured laminations, we can find
an embedded arc in ML(S) connecting them whose interior passes only
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measured laminations of rational depth less than 2, and only countably
many measured laminations of rational depth 1.
One more thing proved by Thurston which we need to use now is the exis-
tence of one-parameter family consisting of pleated surfaces and negatively
curved interpolated surfaces between two pleated surfaces (see [36, Section
9.5] and [30, Section 4.E]). This shows that for any point in MS , there is
a negatively curved surface in the family passing through that point and
that such a surface is contained in a uniformly bounded neighbourhood of a
pleated surface realising a measured lamination of rational depth 0. There-
fore, any point in MS has a pleated surface homotopic to the inclusion of S,
which realises a measured lamination of rational depth 0, which contains a
point within a uniformly bounded distance from the give point. In particu-
lar, if the width of V1 ∩ V2 is large enough, then there is a pleated surface f
realising a measured lamination λ of rational depth-0 whose image is con-
tained in V1 ∩ V2 and is away from the frontier of V1 ∩ V2 by the distance
greater than L for any L sufficiently smaller than the width of V1 ∩ V2. We
shall specify this constant L later. For the moment, we just note that we
can take L to be large if K0 is large. Since we can take V1 and V2 so that the
width of V1∩V2 goes to∞ as the lower bound of Hempel distance K0 →∞,
we may assume, by taking K0 large enough, that such a pleated surface f
realising a measured lamination λ of rational depth-0 actually exists.
We shall show by contradiction that there is an open neighbourhood O of
[λ] in PML(S) such that every lamination contained in O is realisable by
a pleated surface in V1 ∩ V2 whose image is at the distance greater than L
from the frontier of V1 ∩ V2. Suppose that such an open set does not exist.
Since the realisability of a measured lamination is invariant under scalar
multiplications, there is a sequence of measured laminations {λi} converging
to λ, which cannot be realised by pleated surfaces contained in V1 ∩ V2 at
the distance greater than L from the frontier of V1∩V2. Since there are only
two unmeasured laminations which are unrealisable inMS and the measured
laminations having these laminations as supports constitute closed subsets
of ML(S) not containing λ, by taking a subsequence, we can assume that
all the λi can be realised by pleated surfaces in MS . Let fi : S → MS be
a pleated surface realising λi. Since {λi} converges to λ, which does not
represent an ending lamination, we see that there is a compact set which
all the images of fi intersect. Therefore, by passing to a subsequence, {fi}
converges uniformly to a pleated surface f∞ realising λ (cf. [5, Theorem
5.2.18]).
Since λ has rational depth 0, its realisation is unique; hence f∞ coincides
with the pleated surface f which appeared above. It follows that the image
of fi is also contained in V1 ∩ V2 and at the distance greater than L from
the frontier of V1 ∩ V2, for sufficiently large i. This is a contradiction. Thus
we have shown that there is an open set O containing [λ] and consisting of
measured laminations which can be realised by pleated surfaces in V1 ∩ V2
whose images are at the distance greater than L from the frontier of V1∩V2.
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Next we shall show that no curve contained in O can be null-homotopic
in M if we take the constant K0 (and hence also L) to be large enough
and make O smaller accordingly. Suppose that a simple closed curve c on
S is contained in O. Since c is realised by a pleated surface contained in
V1 ∩ V2, there is a closed geodesic c
∗ in V1 ∩ V2 homotopic to c. Recall
that there is a C-bi-Lipschitz diffeomorphism from an open set V ′ in M to
V1 ∩ V2, which lifts to a C-bi-Lipschitz diffeomorphism from the universal
cover V˜ ′ of V ′ to H3 (with respect to the path metrics), with a constant
C depending only on S and K0 and going to 1 as K0 → ∞. Regard c
∗
as a closed geodesic arc, and let c˜ be a geodesic arc in the universal cover
V˜1 ∩ V2 ⊂ M˜S = H3 obtained as a lift of the geodesic arc c∗. Then c˜ is
pulled back to a (C2, 0)−quasi-geodesic c˜′ in the universal cover V˜ ′ of V ′
(see [31, Lemma 2.36]). By the stability of quasi-geodesics (see [6, Chaptire
3, The´ore`me 1.2] or [31, Theorem 2.31]), there is a constant N depending
only on C, which goes to 0 as C → 1 such that c˜′ can be homotoped to a
geodesic arc fixing the endpoints within the N -neighbourhood of c˜′ if c˜′ is
at the distance greater than N from the ends of V˜ ′.
To be more precise, we cannot directly use the stability which is valid
only in a Gromov hyperbolic space, whereas our space V˜ ′ is only a locally
Gromov hyperbolic space, V˜ ′ is provided with a path metric induced from
the Riemannian metric of V˜ ′. We take the metric completion of V˜ ′ and get
a geodesic space V
′
. The triangles in our space V
′
are known to be thin
only when they do not touch the boundary. Still, we can apply the same
argument as the proof of the stability for V
′
, and can show that the geodesic
connecting the endpoint of c˜′ cannot touch the boundary since c˜′ is at the
distance more than C−1L from the boundary, and also that the stability
holds.
Thus if c˜′ is at the distance greater than N from the ends of V˜ ′, then
c˜′ can be homotoped to a geodesic arc fixing the endpoints within the N -
neighbourhood of c˜′, and projecting this to V ′, we obtain a closed geodesic
arc (not necessarily a closed geodesic) homotopic to the pull-back of c∗ in
M . Therefore, if we take K0 and L large enough so that the frontier of
V1 ∩ V2 is at the distance greater than CN , we see that the pull back of c
∗
can be homotoped to a closed geodesic arc hence cannot be null-homotopic.
Thus we have shown that no simple closed curve in O is null-homotopic
in M if K0 is large enough, and completed the proof of the first part of
Theorem 3.
It remains to show that two simple closed curves in O which are not
homotopic on S are not homotopic in M . Suppose that two simple closed
curves c1 and c2 in S represent distinct points in O. As in the previous
paragraph, we have quasi-geodesics c′1, c
′
2 homotopic to c1, c2 inM , which are
obtained by pulling back the closed geodesics c∗1 and c
∗
2 in V1∩V2 representing
the free homotopy classes of c1 and c2. We consider their infinite lifts cˆ
′
1, cˆ
′
2 in
V˜ ′, which are (C2, 0)-quasi-geodesic lines. By applying the same argument
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as above using the stability of quasi-geodesic lines instead of that of quasi-
geodesic arcs, we see that cˆ′1, cˆ
′
2 can be homotoped to geodesic lines cˆ
∗
1, cˆ
∗
2
in V˜ ′ by a proper homotopy which doe not touch the boundary of V˜ ′. By
projecting them down to M , we get closed geodesics c′1
∗, c′2
∗, which must
coincide since we assumed that c1 and c2 are homotopic inM . It follows that
c′1 and c
′
2 are homotopic in V
′, which implies that c∗1 and c
∗
2 are homotopic
in V1 ∩ V2 ∼= S × (0, 1). This contradicts our assumption that c1 and c2 are
not homotopic in S. This shows that c1 and c2 cannot be homotopic in M ,
and we have completed the proof of Theorem 3.
Next we shall show that 〈G1, G2〉 has a non-empty domain of discontinuity
on PML(S).
Theorem 4. Let O be an open set in PML(S) as in Theorem 3. Then we
have {g ∈ 〈G1, G2〉 | gO ∩O 6= ∅} = {1}.
Proof. Suppose that U := gO ∩O is non-empty. Let c be any simple closed
curve in U . Then, there exists a simple closed curve c′ in O with g(c′) = c.
Since 〈G1, G2〉 acts on π1(M) trivially, we see that c is freely homotopic
to c′ in M . Since c and c′ are contained in O, by Theorem 3, it follows
that c = c′. This shows that g fixes every simple closed curve contained in
U . Since the simple closed curves are dense in U , this implies that g fixes
U pointwise. It is easy to see as follows that such an element in MCG(S)
must be the identity. Since g is not a torsion, it is either pseudo-Anosov or
reducible. If g is pseudo-Anosov, it fixes only two points in PML(S). If g
is reducible, some of its powers, gp is either partially pseudo-Anosov, i.e. ,
there is a subsurface T of S such that gp|T is pseudo-Anosov, or a product
of nontrivial powers of Dehn twists along mutually disjoint essential simple
closed curves c1, · · · , cm on S. In the first case, let λu, λs be the unstable and
stable laminations of gp|T . Then gp fixes only a measured lamination whose
supports contain either |λu| or |λs|. Such laminations cannot constitute an
open set. Therefore gp cannot fix all points in U . In the latter case, the
fixed point set of the action of gp on the projective measured lamination
space consists of those elements whose underlying geodesic laminations do
not intersect ∪ci transversely. Such a subspace of PML(S) cannot contain
a nonempty open set. Therefore gp cannot fix all points in U in this case,
too. 
4. Iteration of pseudo-Anosov map
In the case when two handlebodies are pasted by an n-time iteration of
a pseudo-Anosov map, we can have a region as in Theorems 3 and 4, which
gets larger and larger as n → ∞ to cover the complement of the closure of
meridians and isolated points as we shall see below.
Let H1 andH2 be handlebodies whose boundary is identified with a closed
orientable surface S of genus > 1. Let φ : S → S be a pseudo-Anosov
map with a stable lamination µφ and an unstable lamination λφ. For each
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positive integer n, we consider the 3-manifold Mn = H1 ∪φn H2 obtained by
identifying the boundaries of H1 and H2 via φ
n : ∂H1 = S → S = ∂H2.
As in the introduction, let G1 be the subgroup of Aut(CC(S)) obtained as
the image of the subgroup of MCG(S) consisting of those classes of auto-
homeomorphisms of H1 which are homotopic to the identity in H1. The
other handlebody H2 is regarded as embedded in Mn as H
(n)
2 and ∂H
(n)
2 =
∂H1 = S. We let G
(n)
2 be the subgroup of the subgroup of Aut(CC(S))
obtained as the image of the subgroup of MCG(S) consisting of those classes
of auto-homeomorphisms of H
(n)
2 which are homotopic to the identity in
H
(n)
2 . We denote by G
(n) the subgroup of Aut(CC(S)) generated by G1 and
G
(n)
2 .
In the measured lamination space ML(∂H1), we define the set of doubly
incompressible laminations D(H1) to be
D(H1) = {λ ∈ ML(∂H1) | ∃η > 0 such that i(λ,m) > η for every meridian m},
following Lecuire [14] and Kim-Lecuire-Ohshika [12]. We denote the projec-
tion of D(H1) to PML(∂H1) by PD(H1). As was shown in Theorem 1.4
in Lecuire [15], the group G1 acts on D(H1) properly discontinuously. A
smaller open set called the Masur domain is defined as follows. First we
define C(H1) by
C(H1) = {c ∈ML(∂H1) | the support of c is a simple closed curve
bounding a disc in H1}.
We then define the Masur domain to be
M(H1) = {λ ∈ ML(S) | i(λ, µ) > 0 for any µ ∈ C(H1)}.
We note that D(H1) contains M(H1) and that any arational lamination in
D(H1) is also contained in M(H1) (see [14, Lemmas 3.1 and 3.4]). Since
D(H1) contains the projectivised Masur domain of H1 which was proved
to have full measure in PML(S) by Kerckhoff [11], PD(H1) also has full
measure.
Theorem 5. Assume that λφ is contained in M(H1) and µφ is contained in
M(H2). Then for any projective lamination [λ] in PD(H1) \ G1[λφ], there
are an open neighbourhood U and n0 ∈ N such that for any n ≥ n0, no simple
closed curve whose projective class is contained in U is null-homotopic, and
{g ∈ G(n) | gU ∩ U 6= ∅} is finite.
Proof. Let ιn : H1 → Mn be the inclusion. Let φn : π1(Mn) → PSL2C
be a representation corresponding to the hyperbolic structure on Mn. In
§5 of Namazi-Souto [28] it was proved that under our assumptions, {φn ◦
ιn} converges up to conjugations, where we continue to denote by ιn the
homomorphism π1(H1) → π1(Mn) induced by ιn. Note that we see by
[14, Lemma 3.4] that the homeomorphism φ is generic in the sense of [28,
Definition 2.1] i.e., the unstable lamination λφ is not a limit, in PML(∂H1),
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of meridians of H1, and the stable lamination µφ is not a limit of meridians
of H2.
Fix some nontrivial element γ ∈ π1(H1). For any sufficiently large n, the
element ιn(γ) represents a non-trivial element of π1(Mn) (see [28, Lemma
6.1]). Let γ∗n be a closed geodesic in Mn representing γ in π1(Mn). Since
φn ◦ ιn converges up to conjugations, the length of γ
∗
n is bounded as n→∞
and γ∗n converges geometrically to the projection in the geometric limit of
some closed geodesic in the algebraic limit. Hence the distance between γ∗n
and a spine of H1 is bounded. Therefore, if we take a base point xn on
γ∗n, then the geometric limit of (Mn, xn) is a hyperbolic 3-manifold whose
fundamental group is identified with π1(H1). We denote this geometric limit
by M∞. Namazi-Souto showed that this M∞ coincides with the hyperbolic
3-manifold corresponding to the limit φ∞ of {φn◦ιn} (see [28, Theorem 5.2]).
This hyperbolic 3-manifold has a unique end, which has ending lamination
corresponding to the limit of meridians of H2 regarded as a simple closed
curve on ∂H1 by pasting map φ
−n as n → ∞, which coincides with λφ.
(The limit does not depend on the choice of meridian.) By the uniqueness
of ending lamination and Theorem 5.1 in Lecuire [14], every lamination
contained in PD(H1) \ G1[λφ] is realisable by a pleated surface homotopic
to the inclusion of ∂H1.
Now, let [λ] be a projective lamination contained in PD(H1) \ G1[λφ]
Since G1 acts on PD(H1) properly discontinuously, PD(H1) \ G1[λφ] is an
open set, and hence there is a neighbourhood U of [λ] which is contained
in PD(H1) \ G1[λφ]. We take U so that its closure U¯ is compact and is
also contained in PD(H1) \G1[λφ]. Then every simple closed curve in U¯ is
realised by a pleated surface in M∞. We shall show that there is n0 ∈ N
such that for every n ≥ n0 and every simple closed curve in U represents a
non-trivial class in π1(Mn).
Suppose not. Then there is a sequence of simple closed curves with [γn]
contained in U such that γn is null-homotopic inMn. Taking a subsequence,
[γn] converges to a projective lamination [µ] passing to a subsequence. The
projective lamination [µ] is contained in U¯ ; hence by our choice of U , it is
contained in PD(H1)\G1[λφ]. Now, by the same argument as §6 in Ohshika
[30], this implies that there exists a neighbourhood V of [µ] and N ∈ N such
that every lamination in V is realisable in Mn for n ≥ N . Indeed, since µ
is realisable in the geometric limit M∞, there is a train track τ with small
curvature carrying µ such that every measured lamination carried by τ is
realised in a fixed neighbourhood of the realisation of µ. By pulling back this
to Mn by an approximate isometry, we see that we have a neighbourhood
as above.
Now, the existence of such V contradicts the assumption that [γn] is
null-homotopic in Mn. Thus we have shown that there is a neighbourhood
U of λ such that for every n ≥ n0 and every simple closed curve in U
represents a non-trivial class in π1(Mn). Repeating the argument in the
proof of Theorem 3, we can also show that by letting U smaller and n0
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larger if necessary, no two distinct simple closed curves in U are homotopic
in Mn for n ≥ n0.
Moreover, by the same argument as in the proof of Theorem 4, we can
show that by letting U be smaller and n0 larger, we have the condition
{g ∈ G(n) | gU ∩ U 6= ∅} is finite for every n ≥ n0. 
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